Abstract: We derive dynamical and gravitational lensing properties of local sources in the Hassan-Rosen bimetric gravity theory. Observations of elliptical galaxies rule out values of the effective length-scale of the theory, in units of the Hubble radius, in the interval 10 −6 λ g /r H 10 −3 , unless the proportionality constant between the metrics at the background level is far from unity, in which case general relativity is effectively restored for local sources. In order to have background solutions resembling the concordance cosmological model, without fine-tuning of the parameters of the model, we are restricted to the upper interval, or λ g /r H ∼ 1, for which the Vainshtein mechanism is expected to restore general relativity for local sources. Except for a limited range of parameter values, the HassanRosen theory is thus consistent with the observed lensing and dynamical properties of elliptical galaxies.
Introduction
The recently formulated Hassan-Rosen (HR) theory [1, 2] , which is a ghost-free bimetric theory of gravity, has a rich phenomenology. The theory has been shown to be able to yield background solutions indistinguishable from a ΛCDM universe on the background level, even when no explicit cosmological constant or vacuum energy is included in the model [3] [4] [5] [6] [7] [8] [9] [10] [11] . It is also possible to generate accelerating models that deviate from that of a pure cosmological constant universe. These degeneracies on the background level are broken when studying structure formation in the linear regime, although explicit constraints on the parameters of the model arising from this fact are yet to be obtained [12] [13] [14] [15] [16] .
The HR theory was developed as an extension of the de Rham-Gabadadze-Tolley (dRGT) theory [17] [18] [19] , in conjunction of proving the ghost-free nature of the latter theory [20, 21] . The original motivation of constructing the dRGT theory, in turn, went back all the way to Fierz's and Pauli's original investigations into the formulation of a consistent theory of massive spin-2 fields [22, 23] . Formulations in the direction of a fully non-linear, ghost-free theory had previously been performed in e.g. [24] [25] [26] [27] [28] [29] .
The idea of introducing a massive spin-2 field to general relativity is intriguing based on the, by now, well-established late-time acceleration of the expansion rate of the universe. As stated above, for a small graviton mass, the HR theory can address the issue of the observed acceleration. In this paper, we investigate whether the theory is compatible with, and/or how the theory can be constrained from observations on galactic scales and below. With spherically symmetric solutions in the HR theory (previously studied in [4, [30] [31] [32] ), we can use observations of galactic velocity dispersions and gravitational lensing angles to constrain the parameters of the theory.
In sec. 2, the basic aspects of HR theory used in this paper are summarized. In sec. 3, spherically symmetric solutions weak field solutions with and without sources are presented, with the special case of point mass sources given in sec. 4 . The effect of including higher order terms, i.e. the Vainshtein mechanism, is discussed in sec. 5. In sec. 6, 7 and 8, we present the method, observational data and results in terms of constraints on the model parameter values. We conclude in sec. 9.
Hassan-Rosen bimetric massive gravity
The Hassan-Rosen formulation of bimetric massive gravity is given by the following action:
β n e n g −1 f + √ −gL m (g, Φ) .
(2.1) Here L m is the matter Lagrangian coupled to g µν . In principle, it is possible to also add a different matter Lagrangian coupled to f µν , but in this paper we choose not to do so. The functions e n (with matrix arguments) are not needed in this paper, but can be found in e.g. [5] . Varying the equations of motion with respect to g µν and f µν gives the following equations of motion:
2)
Here the matrices Y (n) are given by
4)
5)
Taking the divergence, with respect to the g-metric, of eq. (2.2), and assuming source conservation, gives the following constraint:
Spherically symmetric solutions
Spherically symmetric solutions in the HR theory have previously been studied in [4, [30] [31] [32] . Because of the absence of an equivalent of Birkhoff's theorem in the HR theory, there does not exist a unique solution for a spherically symmetric static spacetime. The studied solutions fall into two broad classes. With g µν diagonal, the most general form for f µν , after gauge fixing, contains an off-diagonal element f rt . In the case of non-zero f rt , [30] gave the complete analytical solutions. It turns out to that g µν in this case is completely degenerate with the standard Schwarzschild-de Sitter (or Kottler) metric. For the ansatz f rt = 0, the equations of motion turn out to be highly involved. [30] wrote down the linear solution, whereas [31] did an exhaustive numerical study of the solution. The main result of [31] is that, for the diagonal ansatz, there is "a whole zoo of new black holes with massive degrees of freedom excited." In this paper, we rederive the linear solution provided by [30] but in isotropic form, making the solutions more accessible for a gravitational lensing analysis. We also include second order terms to compute the size of the Vainshtein radius. This is to make sure that a linear analysis is valid in the region accessible for phenomenological study. Furthermore, the inclusion of matter sources allows us to observationally constrain the parameters of the theory. As our ansätze, we use the following diagonal forms for g µν and f µν :
We perturb the metric around flat space (where the background metric is flat, i.e.ḡ µν = η µν andf µν = c 2 η µν ) in the following way:
Since g µν is put on isotropic form, we can identify δV = Φ and δW = Ψ, where Φ is the gravitational potential and Ψ is the spatial curvature for scalar perturbations in the Newtonian gauge. For flat space to be a valid background solution, we must impose 6) in order to remove cosmological constant contributions in the g-and f -sector. We note that this corresponds to the case where the background expansion is pure GR (but it is still possible, however, that perturbations around the background deviate from GR). Notice that the β i :s are parameter in the Lagrangian, whereas c is a parameter of the background solution. To first order, the solutions to the equations of motion given in eq. (2.2) and (2.9) in vacuum are 
Here M 1 and M 2 are arbitrary integrations constants. The second order solutions are given in appendix A. If we introduce a pressureless source, for which T 0 0 = −ρ, and define
where ml and m stands for massless and massive, respectively, we get the following two source equations for Θ ml and Θ m (for more details on the identification of the massless and massive modes in the HR theory see [33] ):
14)
Inverting these equations gives
Solving for δV , and putting the boundary terms (b.c.) to zero, then gives
Notice that after introducing a source we do not have two independent integration constants; δV is completely determined by the source and the model parameters m g and c.
Since the normalization of ρ (or equivalently M 1 and M 2 in terms of the vacuum solutions) is arbitrary, in the following, we employ a constant rescaling of Newton's constant
Note that a large value of the proportionality constant c in this sense could perhaps be related to the small observed value of G. Since the HR theory represents a generalization of GR, it is natural to ask the question of whether the theory is capable of explaining the rotation curves of spiral galaxies without introducing a dark matter halo component. However, including only first order perturbations in the spherically symmetric solutions, this is not possible since the observed rotation curves generally are flatter at large radii than what can be obtained using the baryonic matter distribution only. The inclusion of an additional Yukawa term will have the opposite effect of increasing the slope as the Yukawa term decays after which the asymptotic behaviour equals the standard Newtonian form. The inclusion of the Yukawa term thus pushes the peak of the rotational velocity toward lower radii, as compared to the case of a purely Newtonian rotation curve. However, this conclusion may be altered when including higher order terms, that is the Vainshtein mechanism, in the solutions [34] . Also note that eq. (3.14-3.18) were computed in the weak-field limit, whereas for the interesting case of λ g ∼ r H higher-order terms have to be included.
Point mass source solutions
Introducing a point mass source with mass M , i.e. putting ρ = M δ (3) (r) in eq. (3.16-3.17) , gives the following first order solutions:
where Φ is the gravitational potential, Ψ the spatial curvature and ϕ = (Φ + Ψ)/2 is the effective gravitational potential felt by massless particles. We can decompose the potentials as Φ = Φ GR + Φ Y , Ψ = Ψ GR + Ψ Y and ϕ = ϕ GR + ϕ Y , where the subscript GR denotes the general relativity value of −M/r and Y the Yukawa terms given by
We note that M is the mass we would measure for a point mass at infinite distance. As evident from eq. (3.12), m g and c are not independent parameters. In fact, the Yukawa terms will approach zero both as c → 0 and c → ∞. These asymptotes are independent of the values of the β's. To understand the behaviour in between, we may assume that β 1 ∼ β 2 ∼ β 3 = β and thus
where we have defined m 2 b ≡ βm 2 . That is, the only way to have sizable modifications of the potentials on galactic scales from the Yukawa terms when c is not too far from unity, is to have √ βm of the inverse order of galactic scales or smaller. In the limit m g r → 0, the ratio of the gravitational potentials felt by massive and massless particles is given by
Note the similarity to the vDVZ-discontinuity factor of 4/3 in linear massive gravity. However, it is expected that this discrepancy between massive and massless particles as m g r → 0 will be removed as we include higher order terms, see sec. 5.
The Vainshtein radius
In 1972 Vainshtein observed that the formulation of massive gravity given at the time exhibited a radius that signals the breakdown of the linear expansion around a source with mass M ( [35] , see also [36] for a recent review). This radius was latter called the Vainshtein radius, and is given by
where r S is the Schwarzschild radius of the source and λ the wavelength associated to the massive graviton, i.e. λ = m −1 . Within this radius, higher-order corrections to the expansion of the metric in powers of GM have to be taken into account. Since r V is an intermediate scale between the gravitational scale of the source and the Compton wavelength of the graviton, for any specific source and graviton mass, one has to make sure to be well outside r V for the linear expansion is to be valid. The Vainshtein radius is derived for r λ, which will always hold for local sources when λ is of the order of the Hubble radius. For r λ, however, the Vainshtein radius is not applicable, and one has to check numerically that the second order solution does not dominate over the first order solution in the region of interest.
In order to identify the Vainshtein radius for spherically symmetric sources in the HR theory, we have solved the diagonal ansatz to second order. 1 The solution is given in appendix A. At second order, two new effective parameters occur, namely
These are related to m 2 g through
In the m g r 1 limit, the full second order solution then has a dominant term from which one can read off r V as the radius where second order terms start dominating over first order terms,
This holds for all fields expect F , for which we instead have
This means that it is not possible to decrease r V to smaller values by letting m 2 2 → 0 (i.e. looking at the other terms in the second order solution). Putting m 2 1 = 0, so that 6) gives the Vainshtein radius, common to all fields, as
Numerically, this is given by (for c = 1) is the Hubble radius. For a galactic mass scale of M ∼ 10 11 M and λ g ∼ r H ∼ 5 · 10 6 kpc, we obtain r V ∼ 800 kpc, i.e., more than a factor of 100 larger than the radius probed by the observations used in this paper. We also note that for the Sun as the gravitational source, the Vainshtein radius is larger than 1 AU as long as λ g 5 · 10 −12 r H . In the following, we have assumed that eq. 5.4 is a fair approximation for r V even when r λ g . That is, that we are well outside the Vainshtein radius when constraining the Yukawa decay of the potentials, making it possible to constrain the parameters m g and c using the linear approximation.
Lensing analysis
Since massive and massless particles experience different forces in a gravitational field in bimetric theories, we can constrain such theories if we have access to systems where the gravitational field, or mass, is probed by both massive particles and photons. One such example is the Sun, which we will return to later. On larger scales, galaxies and galaxy clusters, where we have both dynamical and lensing data, are obvious candidates. In this paper, we will make use of elliptical galaxies for which we have measurements of both the velocity dispersion and the gravitational lensing deflection angle. In doing this, we will to large extent apply the same methodology and data as in [38] and [39] . Basically, the method amounts to investigating for which parameter ranges of the theory the galaxy masses as inferred from massive particles (velocity dispersions) and massless particles (lensing angle) are consistent.
The velocity dispersion in elliptical galaxies can be derived from the equations of stellar hydrodynamics:
where σ t and σ r are the velocity dispersions in the tangential and radial direction, respectively, ζ = 1 − (σ t /σ r ) 2 is the velocity anisotropy, ν is the density of velocity dispersion tracers (in this case the luminous matter) and Φ is the total gravitational potential. The prime indicates differentiation with respect to r. Assuming that ζ is constant, we can write
Note that the integral is from r to ∞, the reason being that it is normalized such that the velocity dispersion approaches zero asymptotically. The actual observed velocity dispersion, given by the single number σ 2 , is then given by a line-of-sight luminosity weighted average over the effective spectroscopic aperture of the observations. To compute the velocity dispersion, we need ν(r), ζ and the radial derivative of the gravitational potential,
given by the total density distribution ρ(r). In the following, we assume that both the luminous and total matter distribution can be written as power laws
In appendix B, general expressions to derive observed velocity dispersions in the HR theory are outlined. The deflection angle of photons passing through a gravitational field is given bŷ 5) where the integral to excellent approximation can be calculated over the undeflected path of the photon, and the derivative is with respect to the direction perpendicular to the direction of the photon. Now, what is actually observed is the angular image separation between multiple images of a background source. If the observer, lens and source are perfectly aligned, the appropriately scaled deflection angle is given by half the observed angular image separation, the so called Einstein angle of the system. It can be shown that this is an excellent approximation even in cases when the source does not lie directly behind the lens, and we can thus use the observed image separation to estimate the deflection angle. In appendix C, general expressions to derive the deflection angles in HR theory are derived. In practice, given values for the model parameters m g and c, we can now use the observed deflection angles to normalize the mass density profile, or ρ 0 r γ 0 , of each galaxy which is then used to predict a value of the velocity dispersion that can be compared to the observed value. The analysis is complicated by the fact that the force experienced by massive and massless particles are not fully determined by the mass inside the radius at hand. However, these complications can be overcome by using the approximations outlined in appendix B and C.
Note that the method of comparing gravitational deflection angles with the dynamics of massive particles makes us very insensitive to the assumed matter distribution of the galaxies, specifically since the deflected photons and the velocity dispersion tracers effectively probes similar galactic radii of r h ∼ 10 −6 r H ∼ 5 kpc. We also note that given prior knowledge on the normalization of the individual mass density profiles, we could in principle use the observed velocity dispersions and gravitational lensing angles individually to constrain the parameters of the model. For example, for a given mass distribution, we expect the observed velocity dispersion in HR theory to be larger than in GR and for a given observed velocity dispersion, the mass-to-light ratio required in HR theory to be smaller than in GR. Such an analysis is left for future work.
Data
In this paper, we make use of the strong gravitational lens sample observed with the Hubble Space Telescope Advanced Camera for Surveys by the Sloan Lens ACS (SLACS) Survey [40] . The full sample consists of 131 strong lens candidates out of which we make use of a sub-sample of 53 systems with elliptical lens galaxies, well fitted by singular isothermal ellipsoidal lens models, and having reliable velocity dispersion measurements 2 . We use the velocity dispersions as measured from Sloan Digital Sky Survey (SDSS) spectroscopy over an effective spectroscopic aperture of 1.4 arcsec and the Einstein angle as measured from ACS imaging data. From ACS images, we also use the effective radii of the lens galaxies to individually estimate the luminosity profile power-law index δ of the lensing galaxies by comparing the total luminosity to the luminosity within half the effective radii. To the approximately 7 % velocity dispersion fractional errors quoted in [40] , we add an additional 5 % to take into account possible deviations from the singular isothermal mass profile [41] . We assume a 2 % error on the measured image separations. The slope and anisotropy of the lensing galaxies are being individually marginalized over, using prior probabilities of γ = 2.00 ± 0.08 and ζ = 0.13 ± 0.13 (68 % confidence level) [38] .
Results
Using the method and data described above, we are able to constrain the model parameters λ g = m −1 g and c as depicted in the left panel of fig. 1 . As anticipated, as c → 0, λ g becomes unconstrained since GR is recovered in that limit. For c ∼ 1, data constrains the effective length scale of the theory to be λ g 10 −6 r H ∼ 5 kpc.
A few comments are in place here: We note that we obtain an upper limit on λ g /r H . The reason for this is that if λ g /r H becomes too large, we will have a constant vDVZ-like off-set between the force experienced by massive and massless particles. If we include also non-linear effects in the analysis, we expect the difference between the force experienced by massive and massless particles to be zero at small r or big λ g , reach a maximum value around the Vainshtein radius and then approach zero again as r λ g . This would then mean that our data will allow for either large values of λ g 10 −3 r H in which case the galactic scale r g ∼ 5 kpc would be within the Vainshtein radius where GR is restored, or very small values of λ g 10 −6 r H where the exponential decay of the Yukawa terms again restores GR. This can be compared to the results of [39] where a lower limit of λ g /r H 0.02 was obtained for the decoupling limit of the massive gravity model of [42] .
As noted in sec. 4, m g and c are not independent parameters in terms of the fundamental model parameters. Using the definition m 2 b ≡ βm 2 where β = β 1 ∼ β 2 ∼ β 3 , we can constrain the corresponding length scale λ b = m The magnitude of an additional Yukawa term to the GR gravitational potential have been constrained to be very small on scales from our Solar system down to millimeter distances [43, 44] . Also, the deflection and time delay of light passing close to the limb of the Sun shows that the gravitational potential, Φ, and the spatial curvature Ψ are equal up to a fractional difference of ∼ 10 −5 [45] . Therefore, unless λ g is in the sub-millimeter range, at Solar system scales (1 AU ∼ 5·10 −9 kpc), we need to be well within the Vainshtein radius of the Sun for the theory to survive, limiting λ g 5 · 10 −12 r H ∼ 0.025 pc.
Although we have obtained the spherically symmetric solutions in a background equivalent to GR, we may assume that locally they are useful approximations also in a more general background. To have accelerating cosmological concordance-like solutions, we need λ b /r H ∼ 1 [5, 10] . For such values, the observational probes employed in this paper are well inside their Vainshtein radii, effectively restoring GR.
We can now combine the limits discussed above into fig. 2 , where we show the galactic Vainshtein radius in units of r H (neglecting possible modifications when r λ g ) as a function of the length-scale of the Yukawa decay of spherically symmetric solutions of the bimetric theory. The typical length scale (r g ∼ 5 kpc) probed by the velocity dispersion and gravitational lensing observations is indicated by the horizontal dotted line. Going from left to right on the x-axis, we make the following observations:
• Values of λ g /r H 10 −11 are ruled out from gravity tests on Solar system scales and below.
• For 10 −11 λ g /r H 10 −6 , the scale of the galactic observations, r g , is larger than λ g , the Yukawa terms becomes negligible and GR is effectively restored.
• For 10 −6 λ g /r H 10 −3 , r g is smaller than λ g and the difference of proportionality between the Yukawa terms in the gravitational potential and spatial curvature, invalidates this parameter range when comparing velocity dispersions and lensing deflections.
• For λ g /r H 10 −3 , our observations fall inside the Vainshtein radii of the systems, and the parameter range is ruled in since GR is presumably restored through the Vainshtein mechanism.
• Apart from being compatible with observations on galactic scales, values of λ g /r H 1 also have the possibility of providing an explanation of the apparent accelerating expansion of space on cosmological scales.
Conclusions
In this paper we have studied perturbative solutions for a diagonal ansatz for spherically symmetric solutions in the Hassan-Rosen theory. We have compared these solutions with gravitational lensing deflection angles of elliptical galaxies. Using lensing dispersion data we have shown that, for the proportionality constant c not too far from unity, the effective length scale of the theory λ g either has to be small enough for the Yukawa term to be negligible an galactic scales, λ g 5 kpc, or large enough for the radii probed to be within the Vainshtein radii of the galaxies, λ g 5 Mpc. Values of λ g 0.025 pc are ruled out from observations on Solar system scales and below. We note that if λ g ∼ r H , i.e. if the length scale of the theory is close to the Hubble radius, apart from being compatible with data on galactic scales and below due to a presumed Vainshtein radius [37] , the HR theory may also provide a mechanism for the apparent accelerated expansion rate of the Universe. 
A Second order solutions
mgr Ei (−3m g r) 
e mgr Ei (−2m g r) 
B Velocity dispersions
Since we can decompose the gravitational potentials for massive and massless particles as Φ = Φ GR + Φ Y and ϕ = ϕ GR + ϕ Y , where the subscript GR denotes the general relativity terms and Y the Yukawa terms of the potentials, and both the velocity dispersion and gravitational lensing angle depends linearly on these potentials, we can decompose also these as σ r = σ GR,r + σ Y,r andα =α GR +α Y . The radially dependent velocity dispersion is given by eq. (6.2),
The observed velocity dispersion, σ 2 , is then given by a line-of-sight luminosity weighted average over the spectroscopic aperture of size R max
where Z 2 = r 2 − R 2 and
is the aperture weighting function.
B.1 General relativity term
For the GR term in the velocity dispersion, we can substitute Φ with GM (r)/r 2 through use of Poisson's equation, giving 
Here, the lambda-function λ(x) = Γ[(x − 1)/2]/Γ(x/2) where Γ is the gamma-function. This can be solved analytically if put R max = ∞ to get
We note that for ζ = 0 and γ = δ = 2, we get back σ 2 GR, = σ 2 GR,r = 2πGρ 0 r 2 0 , as expected.
B.2 Yukawa term
Now, in principle we can derive the velocity dispersion σ 2 Y,r (r) and σ 2 Y, corresponding to the Yukawa term in the potential. First, we need the Yukawa term in the gravitational potential for the case of a spherically symmetric mass distribution. For a potential of the form 10) if the mass M = 4πR 2 ρ(R)dR is distributed in a thin shell of radius R, the corresponding potential is
In order to get the total potential from a spherically symmetric matter distribution, we integrate over a series of shells
Next, we differentiate with respect to r,
In the simplest case of ζ = 0 and γ = δ = 2, and k = (4c 2 )/3 we get 14) and
where x ≡ m g r, Φ GR = 4πρ 0 r 2 0 /r, Shi(x) is the hyperbolic sine integral function and Ei(x) is the exponential integral function.
Since the derived expressions do not render the observed Yukawa part of the velocity dispersion, σ 2 Y, , analytically solvable, we use the following approximation: Since the observed velocity dispersion is a weighted average over a few spectroscopic apertures (the only scale in the problem since the luminosity and matter profiles are given by pure power laws), we can employ a constant correction to σ 2 r given by the correction to Φ at a distance equal to r = r s =σ atm , i.e. It can be shown numerically that this approximation gives a maximum fractional error of the derived velocity dispersion of ∼ 12 % from the exact value, assuming c = 1.
C Gravitational lensing
The gravitational deflection angle is given by eq. (6.5)
We make use of a scaled deflection angle α ≡ D ls /D sα , where D ls and D s are angular diameter distances between the lens and the source and the observer and source, respectively. The scaled deflection angle fulfills the (spherically symmetric) lens equation
where θ is the angular position of the image with respect to the center of the deflector and β is the angular position the source would have in absence of the lens (not to be confused with the β i :s of the Lagrangian defining the HR theory). The scaled deflection angle can now be computed as Here, D l is the angular diameter distance to the lens.
C.1 General relativity term
In GR, it can be shown that the deflection angle is given by
where m(R) is the projected mass enclosed within radius R. For the power law density profile, we begin by computing the surface mass density Σ(R) = Given the power law density profile, we can show that
where h(z, γ) =
